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Abstract
The aim of this paper is to state some ﬁxed point results for weak C-contractions in a
partially ordered 2-metric space. Examples are given to illustrate the results.
1 Introduction and preliminaries
Chatterjea in [] introduced the notion of a C-contraction.
Deﬁnition . [] Let (X,d) be a metric space and T : X → X be a map. Then T is called
a C-contraction if there exists α ∈ (,  ) such that for all x, y ∈ X, d(Tx,Ty) ≤ α[d(x,Ty) +
d(y,Tx)].
This notion was generalized to a weak C-contraction by Choudhury in [].
Deﬁnition . ([], Deﬁnition .) Let (X,d) be a metric space and T : X → X be a map.
Then T is called a weak C-contraction if there exists ψ : [,∞)  → [,∞) which is con-










for all x, y ∈ X.
In [], Choudhury proved that if X is a complete metric space, then every weak
C-contraction has a unique ﬁxed point; see [, Theorem .]. This result was generalized
to a complete, partially ordered metric space in []; see [, Theorems ., . and .].
There were some generalizations of a metric such as a -metric, aD-metric, aG-metric,
a conemetric, and a complex-valuedmetric. The notion of a -metric has been introduced
by Gähler in []. Note that a -metric is not a continuous function of its variables, whereas
an ordinary metric is. This led Dhage to introduce the notion of a D-metric in []. But
in [] Mustafa and Sims showed that most of topological properties of D-metric were
not correct. In [] Mustafa and Sims introduced the notion of a G-metric to overcome
ﬂaws of a D-metric. After that, many ﬁxed point theorems on G-metric spaces have been
stated. However, it was shown in [] and [] that in several situations ﬁxed point results
in G-metric spaces can be in fact deduced from ﬁxed point theorems in metric or quasi-
metric spaces.
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In [] Huang and Zhang deﬁned the notion of a cone metric. After that, many authors
extended some ﬁxed point theorems on metric spaces to cone metric spaces. However,
it was shown later by various authors that in several cases the ﬁxed point results in cone
metric spaces can be obtained by reducing them to their standard metric counterparts;
for example, see [–]. In [] Azam, Fisher and Khan have introduced the notion of
a complex-valued metric and some ﬁxed point theorems have been stated. But in []
Sastry, Naidu and Bekeshie showed that some ﬁxed point theorems recently generalized
to complex-valued metric spaces are consequences of their counterparts in the setting of
metric spaces and hence are redundant.
Note that in the above generalizations, only a -metric space has not been known to
be topologically equivalent to an ordinary metric. Then there was no easy relationship
between results obtained in -metric spaces and metric spaces. In particular, the ﬁxed
point theorems on -metric spaces and metric spaces may be unrelated easily. For the
ﬁxed point theorems on -metric spaces, the readers may refer to [–].
The aim of this paper is to state some ﬁxed point results for weak C-contractions in a
partially ordered -metric space. Examples are given to illustrate the results.
First we recall some notions and lemmas which will be useful in what follows.
Deﬁnition . [] LetX be a non-empty set and let d : X×X×X →R be amap satisfying
the following conditions:
. For every pair of distinct points x, y ∈ X , there exists a point z ∈ X such that
d(x, y, z) = .
. If at least two of three points x, y, z are the same, then d(x, y, z) = .
. The symmetry: d(x, y, z) = d(x, z, y) = d(y,x, z) = d(y, z,x) = d(z,x, y) = d(z, y,x) for all
x, y, z ∈ X .
. The rectangle inequality: d(x, y, z)≤ d(x, y, t) + d(y, z, t) + d(z,x, t) for all x, y, z, t ∈ X .
Then d is called a -metric on X and (X,d) is called a -metric space which will be some-
times denoted by X if there is no confusion. Every member x ∈ X is called a point in X.
Deﬁnition . [] Let (X,d) be a -metric space and a,b ∈ X, r ≥ . The set
B(a,b, r) =
{
x ∈ X : d(a,b,x) < r}
is called a -ball centered at a and bwith radius r. The topology generated by the collection
of all -balls as a subbasis is called a -metric topology on X.
Deﬁnition . [] Let {xn} be a sequence in a -metric space (X,d).
. {xn} is said to be convergent to x in (X,d), written limn→∞ xn = x, if for all a ∈ X ,
limn→∞ d(xn,x,a) = .
. {xn} is said to be Cauchy in X if for all a ∈ X , limn,m→∞ d(xn,xm,a) = , that is, for
each ε > , there exists n such that d(xn,xm,a) < ε for all n,m≥ n.
. (X,d) is said to be complete if every Cauchy sequence is a convergent sequence.
Deﬁnition . ([], Deﬁnition ) A -metric space (X,d) is said to be compact if every
sequence in X has a convergent subsequence.
Lemma . ([], Lemma ) Every -metric space is a T-space.
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Lemma . ([], Lemma ) limn→∞ xn = x in a -metric space (X,d) if and only if
limn→∞ xn = x in the -metric topological space X.
Lemma . ([], Lemma ) If T : X → Y is a continuous map from a -metric space X
to a -metric space Y , then limn→∞ xn = x in X implies limn→∞ Txn = Tx in Y .
Remark .
. It is straightforward from Deﬁnition . that every -metric is non-negative and
every -metric space contains at least three distinct points.
. A -metric d(x, y, z) is sequentially continuous in one argument. Moreover, if a
-metric d(x, y, z) is sequentially continuous in two arguments, then it is sequentially
continuous in all three arguments, see [, p.].
. A convergent sequence in a -metric space need not be a Cauchy sequence, see
[, Remark  and Example ].
. In a -metric space (X,d), every convergent sequence is a Cauchy sequence if d is
continuous, see [, Remark ].
. There exists a -metric space (X,d) such that every convergent sequence is a Cauchy
sequence but d is not continuous, see [, Remark  and Example ].
2 Main results
First, we introduce the notion of a weak C-contraction on a partially ordered -metric
space.
Deﬁnition . Let (X,,d) be a partially ordered -metric space and T : X → X be a
map. Then T is called a weak C-contraction if there exists ψ : [,∞)  → [,∞) which is










for all x, y,a ∈ X and x y or y x.
The following example gives some examples of ψ in Deﬁnition .. Note that in [, Ex-
ample .], Choudhury considered the function ψ(a,b) =  min{a,b} for all a,b ∈ [,∞).
Unfortunately, for this function, we have ψ(, ) = , which is a contradiction to the con-
dition that ψ(s, t) =  if and only if s = t =  in [, Deﬁnition .], also in Deﬁnition ..
Example .
. ψ(a,b) = a+b for all a,b ∈ [,∞).
. ψ(a,b) = max{a,b} for all a,b ∈ [,∞).
The ﬁrst result is a suﬃcient condition for the existence of a ﬁxed point of a weak
C-contraction on a -metric space. For the preceding one in metric spaces, see [, Theo-
rem .].
Theorem . Let (X,,d) be a complete, partially ordered -metric space and T : X → X
be a weak C-contraction such that:
. T is continuous and non-decreasing.
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. There exists x ∈ X with x  Tx.
Then T has a ﬁxed point.
Proof If x = Tx, then the proof is ﬁnished. Suppose now that x ≺ Tx. Since T is a non-
decreasing map, we have x ≺ Tx  Tx  · · ·  Tnx  · · · . Put xn+ = Txn. Then, for























for all a ∈ X. By choosing a = xn– in (.), we obtain d(xn+,xn,xn–)≤ , that is,
d(xn+,xn,xn–) = . (.)













Thus {d(xn,xn+,a)} is a decreasing sequence of non-negative real numbers and hence it
is convergent. Let
lim
n→∞d(xn,xn+,a) = r. (.)






 (r + r) = r.
That is,
lim
n→∞d(xn–,xn+,a) = r. (.)
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Taking the limit as n → ∞ in (.) and using (.), (.), we get r ≤ r – ψ(, r) ≤

r = r. It implies that ψ(, r) = , that is, r = . Then (.) becomes
lim
n→∞d(xn+,xn,a) = . (.)
From (.), we have if d(xn–,xn,a) = , then d(xn,xn+,a) = . Since d(x,x,x) = , we
have d(xn,xn+,x) =  for all n ∈N. Since d(xm–,xm,xm) = , we have
d(xn,xn+,xm) =  (.)
for all n≥m – . For ≤ n <m – , noting thatm – ≥ n + , from (.) we have
d(xm–,xm,xn+) = d(xm–,xm,xn) = .
It implies that
d(xn,xn+,xm) ≤ d(xn,xn+,xm–) + d(xn+,xm,xm–) + d(xm,xn,xm–)
= d(xn,xn+,xm–). (.)
Since d(xn,xn+,xn+) = , from (.) we have
d(xn,xn+,xm) =  (.)
for all ≤ n <m – . From (.) and (.), we have d(xn,xn+,xm) =  for all n,m ∈N.
Now, for all i, j,k ∈N with i < j, we have d(xj–,xj,xi) = d(xj–,xj,xk) = . Therefore,
d(xi,xj,xk) ≤ d(xi,xj,xj–) + d(xj,xk ,xj–) + d(xk ,xi,xj–)
≤ d(xi,xj–,xk)
≤ · · ·
≤ d(xi,xi,xk)
= .
This proves that for all i, j,k ∈N
d(xi,xj,xk) = . (.)
In what follows, we will prove that {xn} is a Cauchy sequence. Suppose to the contrary
that {xn} is not a Cauchy sequence. Then there exists ε >  for which we can ﬁnd sub-
sequences {xm(k)} and {xn(k)} where n(k) is the smallest integer such that n(k) >m(k) > k
and
d(xn(k),xm(k),a)≥ ε (.)
for all k ∈N. Therefore,
d(xn(k)–,xm(k),a) < ε. (.)
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By using (.), (.) and (.), we have
ε ≤ d(xn(k),xm(k),a)
≤ d(xn(k),xn(k)–,a) + d(xn(k)–,xm(k),a) + d(xn(k),xm(k),xn(k)–)
= d(xn(k),xn(k)–,a) + d(xn(k)–,xm(k),a)
< d(xn(k),xn(k)–,a) + ε. (.)
Taking the limit as k → ∞ in (.) and using (.), we have
lim
k→∞
d(xn(k),xm(k),a) = limk→∞d(xn(k)–,xm(k),a) = ε. (.)
Also, from (.), we have
d(xm(k),xn(k)–,a) ≤ d(xm(k),xm(k)–,a) + d(xm(k)–,xn(k)–,a) + d(xm(k),xn(k)–,xm(k)–)
= d(xm(k),xm(k)–,a) + d(xm(k)–,xn(k)–,a)
≤ d(xm(k),xm(k)–,a)
+ d(xm(k)–,xn(k),a) + d(xn(k)–,xn(k),a) + d(xm(k)–,xn(k)–,xn(k))
= d(xm(k),xm(k)–,a) + d(xm(k)–,xn(k),a) + d(xn(k)–,xn(k),a) (.)
and
d(xm(k)–,xn(k),a) ≤ d(xm(k)–,xm(k),a) + d(xn(k),xm(k),a) + d(xm(k)–,xn(k),xm(k))
= d(xm(k)–,xm(k),a) + d(xn(k),xm(k),a). (.)
Taking the limit as k → ∞ in (.), (.) and using (.), (.), we obtain
lim
k→∞
d(xm(k)–,xn(k),a) = ε. (.)




















Taking the limit as k → ∞ in (.) and using (.), (.) and the continuity of ψ , we
have
ε ≤  (ε + ε) –ψ(ε, ε) = ε –ψ(ε, ε)≤ ε.
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This proves that ψ(ε, ε) = , that is, ε = . It is a contradiction. This proves that {xn} is
a Cauchy sequence. Since X is complete, there exists z ∈ X such that limn→∞ xn = z. It
follows from the continuity of T that z = limn→∞ xn+ = limn→∞ Txn = Tz. Then z is a ﬁxed
point of T . 
Thenext result is another one for the existence of the ﬁxed point of aweakC-contraction
on a -metric space. For the preceding one in metric spaces, see [, Theorem .].
Theorem . Let (X,,d) be a complete, partially ordered -metric space and T : X → X
be a weak C-contraction such that:
. T is non-decreasing.
. If {xn} is non-decreasing such that limn→∞ xn = x, then xn  x for all n ∈N.
. There exists x ∈ X with x  Tx.
Then T has a ﬁxed point.
Proof As in the proof of Theorem ., we have a Cauchy sequence {xn}with limn→∞ xn = z
in X. We only have to prove that Tz = z. Since {xn} is non-decreasing and limn→∞ xn = z,



















Taking the limit as n→ ∞ in (.), we have
d(z,Tz,a) ≤ 
[











It implies that d(z,Tz,a) =  for all a ∈ X, that is, Tz = z. 
In what follows, we prove a suﬃcient condition for the uniqueness of the ﬁxed point in
Theorem . and Theorem ..
Theorem . Suppose that:
. Either hypotheses of Theorem . or hypotheses of Theorem . hold.
. For each x, y ∈ X , there exists z ∈ X that is comparable to x and y.
Then T has a unique ﬁxed point.
Proof As in the proofs of Theorem . and Theorem ., we see that T has a ﬁxed point.
Now we prove the uniqueness of the ﬁxed point of T . Let x, y be two ﬁxed points of T .
We consider the following two cases.
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This proves that ψ(d(x, y,a),d(y,x,a)) = , that is, d(x, y,a) =  for all a ∈ X. Then x = y.
Case . x is not comparable to y. Then there exists z ∈ X that is comparable to x and y.




























































It implies that d(x,Tnz,a) ≤ d(x,Tn–z,a). Then there exists limn→∞ d(x,Tnz,a) = l. Tak-
ing the limit as n → ∞ in (.) and noting that ψ is continuous, we have l ≤  (l +
l) – ψ(l, l) ≤ l. This proves that ψ(l, l) = . Then l = , that is, limn→∞ Tnz = x. Similarly,
limn→∞ Tnz = y. By Lemma ., we get x = y. 
Remark . Note that if (X,) is totally ordered, then the condition () in Theorem .
is always satisﬁed.
The following result is an analogue of [, Theorem .].
Theorem . Let (X,,d) be a complete, partially ordered -metric space and T : X → X
be a weak C-contraction such that:
. For all x, y ∈ X , if x y then Tx
 Ty.
. For each x, y ∈ X , there exists z ∈ X that is comparable to x and y.
. There exists x ∈ X with x  Tx or x 
 Tx.
Then, for all a ∈ X, inf{d(x,Tx,a) : x ∈ X \{a}} = . In particular, inf{d(x,Tx,a) : x ∈ X} = .
Proof We consider the following two cases.
Case . x  Tx. By the hypothesis (), consecutive terms of the sequence {Tnx} are








































































That is, d(Tn+x,Tnx,a) ≤ d(Tnx,Tn–x,a). Then there exists limn→∞ d(Tn+x,
Tnx,a) = r. As in the proof of Theorem ., we get r = . Then limn→∞ d(Tn+x,
Tnx,a) = . That is, inf{d(x,Tx,a) : x ∈ X} = .
Case . x  Tx. The same as in Case . 
For each a ∈ X, if da(x, y) = d(x, y,a) for all x, y ∈ X is a metric on X, then the formula
(.) becomes (.). Also, the above proofsmay be similar to themethod used in [] and [].
The following example guarantees that this fact is not true in general.
Example . There exists a -metric space (X,d) such that for each a ∈ X, the formula
da(x, y) = d(x, y,a) for all x, y ∈ X is not a metric on X.
Proof Let X = [,+∞) and
d(x, y, z) =
⎧⎨
⎩
xy + yz + zx if x = y = z,
 otherwise.
Then (X,d) is a -metric space. For each a ∈ X, we have
da(x, y) = d(x, y,a) =
⎧⎨
⎩
xy + ya + ax if x = y = a,
 otherwise.
If a = , then we have








=  +  =

 .
If a = , then we have
da(a, a) = a > da(a, ) + da(, a) = a + a = a.
This proves that da is not a metric on X for all a ∈ X. 
The following example shows that hypotheses in Theorem . and Theorem . do not
guarantee the uniqueness of the ﬁxed point.
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Example . Let X = {(, ), (, ), (, –)} ⊂R with the order
(x, y) (z, t) if and only if x≤ z and y≤ t.
Deﬁne a -metric d on X as follows:




 if x = y = z,
 otherwise.
Then (X,,d) is a partially ordered, complete -metric space whose diﬀerent elements
are not comparable. The identity map T(x, y) = (x, y) for all (x, y) ∈ X is continuous, non-
decreasing, and contraction conditions in Theorem . and Theorem . are satisﬁed.
Moreover, (, ) T(, ) and T has more than one ﬁxed point.
The following example is an illustration of Theorem . and Theorem ..
Example . Let X = {a,b, c} with the order x y if and only if x = y for all x, y ∈ X. Let
d be a -metric on X deﬁned by the symmetry of all three variables and
d(x, y, z) =
⎧⎨
⎩
 if x = y = z,
 otherwise.
Let T : X → X be deﬁned by Ta = b, Tb = a, Tc = c. It is easy to see that Theorem . and
Theorem . are applicable toT and c is a unique ﬁxed point ofT .Moreover, the condition
() in Theorem . does not hold, then it is not a necessary condition of the uniqueness
of the ﬁxed point.
Note that, in [, Theorem .], if X is a compact metric space and T is continuous, then
T has a unique ﬁxed point. The following example shows that, in Theorem ., if X is a
compact -metric space and T is continuous, then T may not have a unique ﬁxed point.
Example . Let (X,d) be a -metric space as in Example .. Let T : X → X be deﬁned
by
Ta = a, Tb = b, Tc = c.
We see that all assumptions in Theorem . are satisﬁed but T has more than one ﬁxed
point.
Finally, Example . and Example . show that the above results can be used to prove
the existence of a ﬁxed point when standard arguments in metric spaces in [] and [] fail,
even for trivial maps.
Example . Let X be the -metric space (R,σ ) on [, p.] with the usual order and
Tx =  for all x ∈ X. Then we have:
. X is a complete, totally ordered -metric space.
. X is not metrizable.
. T is a C-weak contraction on the -metric space X .
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Proof () and () See [, p.].
() By choosing ψ(a,b) = a+b for all a,b ∈ [, +∞), then the condition (.) holds. This
proves that T is a C-weak contraction on the -metric space X. 
Example . Let X = {, , , . . . ,n, . . .} with the usual order,
d(x, y, z) =
⎧⎨
⎩
 if x = y = z and there exists n≥  with {n,n + } ⊂ {x, y, z},
 otherwise
and Tx =  for all x ∈ X. Then we have:
. (X,d) is a complete, totally ordered -metric space.
. (X,d) is not completely metrizable, that is, there does not exist any metric ρ on X
such that the metric topology and the completeness on (X,ρ) are coincident with the
-metric topology and the completeness on (X,d), respectively.
. T is a C-weak contraction on the -metric space (X,d).
Proof () It is easy to see that (X,d) is a partially ordered -metric space.
Let {xn} be a Cauchy sequence in (X,d). We have limn,m→∞ d(xn,xm,a) =  for all a ∈ X.
Then, for each a ∈ X, there exists n(a) such that d(xn,xm,a) =  for all n,m ≥ n(a). We
consider the following three cases.
Case . For all n,m≥ n(a), xn = xm. This proves that {xn} is convergent.
Case . For all n≥ n(a), xn = a. It is a contradiction because a is an arbitrary point of X.
Case . For all n,m ≥ n(a) and all k ≥ , xn = xm = a and {k,k + } ⊂ {xn,xm,a}. Then
d(xn, ,a) =  for all n≥ n(a). This proves that {xn} is convergent.
By the above three cases, the Cauchy sequence {xn} is convergent in (X,d). This proves
that (X,d) is complete.
() Since limn→∞ d(n, ,a) = , we have {n} is a convergent sequence in (X,d). On the
other hand, limn→∞ d(n,n + ,a) = , then {n} is not a Cauchy sequence in (X,d). This
proves that (X,d) is not completely metrizable.
() By choosing ψ(a,b) = a+b , the condition (.) holds. This proves that T is a C-weak
contraction on the -metric space (X,d). 
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